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Modeling of solute segregation and the formation of non-metallic
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AGH University of Science and Technology, Faculty of Foundry Engineering, 30 Mickiewicza AV, 30-059 Krakow, Poland

Received 18 September 2013, received in revised form 4 June 2014, accepted 3 July 2014

Abstract

Solute segregation and formation of non-metallic inclusions during the solidification of a
titanium-containing steel are modeled in this paper. The Ueshima model was used to describe
the partitioning of solute elements in the steel, taking account of back-diffusion into the solid.
Calculations were made for solidification of an AH-36-3u steel ingot cooled at 50 or 100
K min−1. The simulations reveal that MnS inclusions are formed first, followed by TiN, Ti2O3
and SiO2. Increased cooling rate accelerates the formation of non-metallic inclusions, but for
the assumed rates of 50 and 100 K min−1 the differences in amount formed are minimal. The
results of these calculations for AH-36-3u steel give an approximate picture of the distribution
of inclusions in the solidified ingot structure.
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1. Introduction

During the solidification of a steel, in principle all
the elemental components segregate preferentially to
the solid or to the liquid phase. The actual composi-
tion of the liquid phase sets the thermodynamic cri-
terion for the formation of compound particles (i.e.
non-metallic inclusions). From solute elements A and
B, the compound AaBb can form according to:

aA + bB = AaBb, (1)

with an associated Gibbs free-energy change (J mol−1)
given by:

∆G = −RT ln K, (2)

where R is the gas constant (J mol−1 K−1), T is the
temperature (K) and K is the equilibrium constant
for the reaction. The reaction is favorable, i.e. inclu-
sions are formed, if ∆G < 0. For the solutes under
consideration, the liquidus and solidus curves on the
iron-rich side of the relevant phase diagrams show that
the solutes are partitioned into the liquid phase, suc-
cessively increasing the solute content in the liquid
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as solidification proceeds. The highest solute content
is observed in the last portion of liquid. The enrich-
ment of solute content and continuing cooling favor
the formation of oxides, sulfides and nitrides.

When analyzing the solidification of an alloy, e.g.
a steel, two extreme cases can be distinguished:

(i) equilibrium solidification, when the diffusion in
the solid phase is fast enough to immediately com-
pensate for concentration differences in this phase.
With this assumption, the concentration C∗

S of a given
solute in the solid is uniform at the level of the equi-
librium concentration in the solid at its interface with
the liquid. This concentration is given by [1]:

C∗
S =

kC0
1 + fS (k − 1)

, (3)

where C0 is the initial concentration of the given solute
in the liquid, fS is the mass fraction of the solid, and
k is the equilibrium partition coefficient.

(ii) non-equilibrium solidification, in the lack of dif-
fusion in solid state, described by the Scheil equation
[1]:

C∗
S = kC0(1 − fS)k−1. (4)
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At the solidification front, as a portion of liquid
transforms to solid, the content of a solute within the
crystallizing portion is divided into two parts. One
part is partitioned into the remaining liquid, enrich-
ing its solute content; the other part is incorporated
into the solid, and spreads into the bulk by so-called
back diffusion. The back-diffusion lowers the equilib-
rium concentration of the given solute in the liquid
phase. The parameter αi characterizing the share of
back-diffusion for the solute “i” in the liquid is given
by [1] :

αi =
Ds,its

l2
, (5)

where Ds,i is the diffusion coefficient (m2 s−1) of solute
i in the solid phase, l is the incremental advance (m) of
the solidification front, and ts is the local solidification
time (i.e., the time needed for total solidification of a
given part of the liquid), given by:

ts =
TL − TS

P
, (6)

where TL is the liquidus temperature for the initial
steel composition, TS is the solidus temperature for
the last portion of liquid steel in the analyzed volume,
and P is the cooling rate (K s−1). Several equations
have been proposed for the description of solidification
with back-diffusion:

(i) the Brody & Flemings equation [2] for a para-
bolic increase in solid phase in dendritic crystalliza-
tion:

C∗
S = kC0 [1 − (1 − 2αk) fS]

k−1
1−2αk , (7)

where

α =
4tsDs,i

λ2
, (8)

and λ is the secondary dendrite arm spacing (m);
(ii) the Wo�lczyński equation [1]:

C∗
S = kC0 [1 + αkfS − fS]

k−1
1−2αk ; (9)

(iii) the Clyne & Kurz equation [3]:

C∗
S = kC0 [(1 − 2Ωk) fS]

(k−1)
(1−2Ωk) , (10)

where

Ω = α

[
1 − exp

(
− 1

α

)]
− 0.5 exp

(
− 1

2α

)
; (11)

(iv) the Ohnaka equation [4]:

C∗
S = kC0 [1 − (1 − βk) fS]

k−1
1−βk , (12)

Ta b l e 1. Diffusion coefficients in the solid phase (ferrite)

and the equilibrium partition coefficients kδ/L for selected
solutes in the AH-36-3u steel [6, 7]

Dσ × 10−4 (m2 s−1)
Element kδ/L

Ds,i

Mn 0.76 exp(–223472/RT) 0.77
S 4.56 exp(–214443/RT) 0.05
Si 8 exp(–248710/RT) 0.77
C 0.0127 exp(–81301/RT) 0.19
P 2.9 exp(–229900/RT) 0.23
Al 5.9 exp(–241186/RT) 0.6
O 0.0371 exp(–96349/RT) 0.03
N 10−2405/T−2.97 0.32
Ti 3.15 exp(–247693/RT) 0.38

where the back-diffusion parameter β is given by

β =
2γ

(1 + 2γ)
=

4α

(1 + 4α)
, (13)

and

γ =
8tsDs,i

λ2
= 2α; (14)

(v) the Kobayashi equation [5]:

C∗
S = kC0ξ

(k−1)
(1−βk) {1 +

+ Γ
[
0.5

(
ξ−2 − 1

) − 2
(
ξ−1 − 1

) − ln ξ
]}, (15)

where

ξ = 1 − (1 − βk) fS, (16)

and

Γ = β3k (k − 1) [(1 + β) K − 2] (4γ)−1 (1 − βk)−3 .
(17)

The temperature-dependent diffusion coefficients
and the equilibrium partition coefficients are listed in
Table 1.

The solidus temperature TS cannot be pre-calcula-
ted as it depends on the changing liquid composition,
which in turn depends on the degree of solute segreg-
ation as affected by back-diffusion and on the mass
of the inclusions that are formed. The back-diffusion
parameter α is a function of local solidification time
ts, which directly depends on the temperature differ-
ence between the beginning and end of the solidific-
ation process. Hence, an iterative method has to be
used for determining the temperature at the end of
solidification.
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2. Analysis of solute effects on the steel
solidification

The behavior of solute elements in liquid steel dur-
ing solidification is described by, e.g., the mathemat-
ical model due to Ueshima et al. [6, 8, 9]. In this model,
the solid phase can be separated from liquid during
dendritic crystallization taking place in the condition
of directional cooling. If the analysis focuses only on
δ-phase crystallization, then all the solutes tend to
partition into the liquid. Under such conditions, in-
clusions are formed in the liquid as solidification pro-
ceeds. The concentration Ci0 of solute i in the first
solidified portion is given by:

Ci0 = C0iLk
δ/L
i , (19)

where C0iL is the initial concentration of the solute

in the liquid, and k
δ/L
i is the solid/liquid partition

coefficient for the solute.
As solidification proceeds, the liquid is enriched

with solute i, and consequently successive portions of
the growing solid also incorporate increasing amounts
of the solute. The Ueshima model analyzes solidifica-
tion of a selected layer perpendicular to the dendrite
arm axis. During solidification the layer does not ex-
change mass with the environment, and its temperat-
ure decreases from the liquidus TL to the solidus TS.
The time needed for solidification of a layer, i.e. the
local solidification time ts, depends on the cooling rate
P:

P =
TL − TS

ts
. (20)

The layer solidifies from the dendrite axis outwards
towards its edge. The solidification front is almost flat.
A simple description of the diffusion in the solid is ad-
opted, substituting 1-D diffusion in the layer for 3-D
diffusion in the bulk. The calculation domain is di-
vided into N cells. At a given point in time (t–∆t) it is
assumed that temperature is uniform within each cell.
Of the N cells: m are taken to be solid (cells numbered
1 to m) phase, and the rest (cells (m + 1) to N) repres-
ent the liquid. If by the next point in time, t, the tem-
perature drops enough, then the interface is shifted by
one cell. The diffusion in the liquid is fast enough to
make the concentration of a solute uniform through-
out the phase at any time. The diffusion of solute i in
the solid phase is described using Fick’s second law:

∂Ci

∂t
= Ds,i

∂2Ci

∂x2
, (21)

where Ci is the concentration of solute i in the solid.
After introducing finite differences in the place of

differentials, the following expressions are obtained:

1. For a cell at the dendrite axis (n = 1):

Ct
i1 − Ct−∆t

i1

∆t
= Ds,i

Ct−∆t
i2 − Ct−∆t

i1

(∆x)2
.

2. For a cell in the solid phase (1 < n < m):

Ct
in − Ct−∆t

in

∆t
= (23)

Ds,i

(
Ct−∆t

i(n+1) − Ct−∆t
in

)
−

(
Ct−∆t

in − Ct−∆t
i(n−1)

)

(∆x)2
.

3. For a cell on the interface (n = m) at any point
of time:

Ct
im = Ct

iLk
δ/L
i . (24)

4. For every cell in the liquid (m < n < N) the
concentration is equal to Ct

iL. At each time step in the
computation, the following balance equation is satis-
fied for each solute:

NC0iL =
m∑
n

Ct
in + (N − m) Ct

iL. (25)

Equations (26) and (27) enable one to calculate
the concentration of solute i at the time t both in the
liquid phase (Ct

iL), and in a solidifying cell m (Ct
im):

Ct
iL =

NCt
iL −

m−1∑
n=1

Ct−∆t
in − fCt−∆t

i(m−1)

(N − m) + (1 − F ) k
δ/L
i

, (26)

Ct
im =

Ct
iL

k
δ/L
i

. (27)

The parameter F is determined by the given so-
lidification conditions, i.e. the width of the cell, the
assumed time step ∆t, the local solidification time ts
resulting from the difference of liquidus and solidus
temperatures and the cooling rate P:

F = D
∆t

∆x2
=

4Dts
L2

N2
[(

f t
S

)2 − (
f t−∆t
S

)2]
, (28)

where f t
S is the fraction of solid phase at time t.

It is assumed that the solidification rate scales
parabolically with the solidification time. For a given
chemical composition of the steel, the liquidus TL and
solidus TS temperatures can be computed from known
formulas [32, 33]. Based on the solid fraction fs, one
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Ta b l e 2. Chemical composition of AH-36-3u steel assumed for the calculations of solute segregation and inclusion
formation (wt.%)

Type of steel C Mn Si P S Ti O N

AH-36-3u 0.18 1.60 0.25 0.025 0.012 0.02 0.0005 0.005

Ta b l e 3. First-order reaction parameters [12, 13]

ej
i j →

C Si Mn P S Al O Ti
i

Si 0.18 0.103 –0.0146 0.09 0.066 0.058 –0.119 1.23
Mn –0.0538 –0.0327 0 –0.06 –0.048 0.027 –0.087 –0.05
Al 0.091 0.056 0.035 0.033 0.035 0.043 –1.98 0.004
O –0.42 –0.066 –0.0224 0.07 –0.133 –1.17 –0.17 –1.12
S 0.112 0.063 –0.026 0.29 –0.028 0.035 –0.27 –0.072
Ti –0.19 2.1 –0.043 0 –0.11 0.026 –0.6 0.048

Ta b l e 4. Reaction parameters after Banya [14, 15]

MnO SiO2 TiO2 AlO1.5

MnO –75 310 –55 000 –83 680
SiO2 +15 000 –87 000
TiO2 +4000

can calculate the temperature, and so the definite loc-
ation of cell n = m [10]. The formulation has form:

T = T0 − T0 − TL

1 − fS
TL − TS
T0 − TS

, (29)

where T0 is the melting temperature of pure iron.
Ueshima’s analysis addresses dendritic solidifica-

tion. The distance between dendrite arm axes, denoted
as 2L, is a function of the cooling rate. The microse-
gregation model permits calculation of the concentra-
tion of each solute in the liquid phase at a given stage
of solidification. The inclusions may be formed at an
early stage when:

(
Ct
L(A)

)a

fa
A

(
Ct
L(B)

)b

f b
B ≥ QL(AaBb), (30)

where QL(AaBb) is a solubility product, fA, fB are the
activity coefficients of solutes A and B, and Ct

L(A),

Ct
L(B) are the solute concentrations. The mass balance

for a given solute, taking account of inclusion forma-
tion, can be expressed as [7]:

N∑
n=1

C0iL =
m∑

n=1

Ct
in+(N − m) Ct

iL

m∑
n=1

Ct
in (N − n + 1) ,

(31)

where Ct
in denotes consumption of solute.

3. Calculation of solute segregation and
inclusion formation in the solidifying steel

ingot

Calculations of segregation and inclusion forma-
tion were made for AH-36-3u steel, the chemical com-
position of which is presented in Table 2.

The liquidus and solidus temperatures were de-
termined from the following expressions [11]:

TL = 1809 − {100.3[%C] − 22.4[%C]2 − 0.16 +

+ 13.55[%Si] − 0.64[Si]2 + 5.82[%Mn] +

+ 0.3[%Mn]2 + 4.2[%Cu]}, (32)

TS = 1809 − {415.5[%C] + 12.3[%Si] + 6.8[%Mn] +

+ 124.5[%P] + 183.9[%S] + 4.1[%Al]}. (33)

The Ueshima model is used for the calculations.
The parameter L in Eq. (28) is taken to be 110 mm.
Solidification with back-diffusion is described with de-
pendence (28). The activities of the solutes are cal-
culated using relation (20). The activity of particu-
lar solutes was established from the Wagner-Chipman
equation. The first-order reaction parameters used in
the calculations are given in Table 3.

The activity of oxide-forming solutes was determ-
ined using expressions for a regular-solution model.
The reaction parameters given in Table 4 were taken
into account in the calculations.

Calculations were performed for equilibrium
between the metallic phases and the non-metallic in-
clusions. The equilibrium constants for formation of
the inclusion phases are given in Table 5.
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Ta b l e 5. Equilibrium constants for formation of inclusions in liquid steel [7, 12, 16, 17]

Reaction Reaction equilibrium constant Reference

Mn + S = MnS (s) logK = 8627/T – 4.745 [12]
Si + 2O = SiO2 (s) logK = 30 110/T – 11.40 [16]

2Ti + 3O = Ti2O3 (s) logK = 56 060/T – 18.08 [7]
Ti + N = TiN (s) logK = 19 790/T – 7.78 [17]

Fig. 1. Titanium segregation during solidification of an AH-36-3u steel ingot at a cooling rate of (a) 50 K min−1 and (b)
100 K min−1.

Fig. 2. Nitrogen segregation during solidification of an AH-36-3u steel ingot at a cooling rate of (a) 50 K min−1 and (b)
100 K min−1.

Fig. 3. Oxygen segregation during solidification of an AH-36-3u steel ingot at a cooling rate of (a) 50 K min−1 and (b)
100 K min−1.
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Fig. 4. Sulfur segregation during solidification of an AH-36-3u steel ingot at a cooling rate of (a) 50 K min−1 and (b)
100 K min−1.

Fig. 5. Manganese segregation during solidification of an AH-36-3u steel ingot at a cooling rate of (a) 50 K min−1 and (b)
100 K min−1.

Fig. 6. Formation of non-metallic inclusion phases during solidification of an AH-36-3u steel ingot at a cooling rate of
50 K min−1.
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It is assumed that the manganese sulfide, titanium
nitride and oxide inclusions constitute separate phases
with activity equal to 1. The simplex method was used
for the modeling.

Figures 1 to 6 illustrate the change of concentra-
tion of particular solutes, and the gradual formation of
inclusions in AH-36-3u steel as it solidifies at a cool-
ing rate of 50 K min−1. As a result of segregation,
the manganese concentration in the liquid phase al-
most doubles from its initial value of 1.6 %, whereas
the aluminum content in liquid phase increases three
times. The formation of MnS, Ti2O3, TiN, and SiO2
is accompanied by a rapid drop of oxygen, sulfur and
nitrogen concentrations. The calculations reveal that
the concentration of solutes controls the formation of
inclusions. The amount of inclusion phase is limited
by the content of the solute that is depleted first; in
the present case the limiting solutes are oxygen, sulfur
and nitrogen. The first formation of inclusions occurs
earlier on faster cooling; the comparison of the results
for both cooling rates shows that the differences are,
however, minimal.

4. Concluding remarks

The calculations of solute segregation and of the
formation of non-metallic inclusions were performed
for the solidification of the titanium-containing steel
AH-36-3u at cooling rates of 50 and 100 K min−1.
These simulations reveal that MnS particles are
formed first, followed by TiN, Ti2O3 and SiO2. The
silicon content in steel exceeds the titanium content
by a factor of 12, which favors SiO2 formation in the
last portions of the solidifying steel. These results on
the solidification of AH-36-3u steel ingots give an ap-
proximate picture of the distribution of inclusions in
the ingot structure. In reality, their distribution is con-
ditioned by the fact that the non-metallic inclusions
may interact with the solidification front, may be ab-
sorbed by it, or they can accumulate in the ingot cen-
ter, depending on their location and size. However,
the inclusions may also flow out and be assimilated
by crystallizer slag, which eventually decides about
the distribution of inclusions in particular parts of the
cast ingot.
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